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Abstrat
The Landau distribution as well as its rst and seond momenta are well suited for desribing
the energy loss of harged partiles traversing a thin layer of matter. At present, just rational
approximations and asymptoti expressions for these funtions were obtained. In this paper we
present a diret alulation of the integral representation of these funtions obtaining perturbative
and nonperturvative solutions expressed in terms of fast onvergent series. We also provide a simple
numerial algorithm whih allows to ontrol speed and preision of the results. The testing runs
have provided, in reasonable omputing times, orret results up to 13-14 signiant digits on the
density and distribution funtions and 9-10 on the rst and seond momenta. If neessary, this
auray ould be improved by adding more oeients to the algorithm.
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I. INTRODUCTION
It is well known that the Bethe-Bloh formula[1℄ desribes the average energy loss of
harged partiles when travelling through matter, while the utuations of energy loss by
ionization of a harged partile in a thin layer of matter was theoretially desribed by
Landau[2℄. This desription ends with a universal asymmetri probability density funtion
haraterized by a narrow peak with a long tail for positive values. This tail towards positive
values omes from the small number of individual ollisions, eah with a small probability
of transferring omparatively large amounts of energy. An integral representation of the
Landau probability density funtion reads
φ (x) =
1
pi
∫
∞
0
y−y sin (piy) exp (−xy) dy (1)
with x > 0.
Other funtions suh as the orresponding distribution funtion Φ (0, x) and the rst and
seond momenta Φ (1, x) and Φ (2, x) of the density funtion trunated on the right-hand
tail dened through the general formula
Φ (n, x)
[
(n− 1) (n− 2)
2
+
n (3− n)
2
Φ (0, x)
]
=
∫ x
−∞
cnφ (c) dc (2)
are also needed in order to t a trunated Landau distribution Φ (0, x) to measurements or
to simulated energy-loss data[2, 3℄.
It is lear that a diret alulation, by numerial integration, of expressions (1) and
(2) besides of being of a very slow onvergene ould be used only to provide values for a
subsequent onstrution of approximate formula and for testing purposes.
In the seventies some programs for the numerial omputation of the Landau distribution
were presented[4℄. There, the main emphasis was put more on the speed of the alulation
algorithms than in the preision obtained, that was in general not good enough. In the
eighties a new pakage of programs[5℄ arouse. These programs improved the preision of the
values obtained for (1) and (2) by using pieewise funtions as rational approximations and
onsidering their asymptoti behavior. One should mention also Ref. 6 were more aurate
alulations of the Landau density were presented. For more reent artiles see Ref. 7. In
view of the still high omputational time required, the preision for the distribution funtion
was only up to 6-7 signiant digits. At that time, this was thought to be enough for the
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appliations in experimental physis but their use in other elds of appliation remained
exluded.
For pratial uses and under the standard prejudie that equation (1) annot be rewritten
into an analyti form, the following approximate expression was suggested[8℄
φ (x) ≃ exp
[
−1
2
(x+ exp (−x))
]
/
√
2pi. (3)
This analyti approximation, known as the Moyal funtion, is in fat an extreme value
distribution[9℄. It provides values that are not entirely oinident with those oming from
the original expression (1), in partiular in onnetion with its maximum value and its
asymptoti behavior. Nevertheless, being quite simple, it is widely used in dierent elds.
See Ref. 10 for examples.
To overome the aforementioned diulties, new and rened approximations, ombin-
ing speed and auray in the evaluation of these funtions, are required to improve the
agreement between measured and alulated energy loss distributions.
Under this motivation, we have arried out a diret alulation of the integral represen-
tation of the Landau density, the distribution funtion and the two rst momenta of the
density. We have obtained perturbative and nonperturvative solutions expressed in terms of
fast onvergent series. To ahieve this, we have used analytial ontinuation properties and
the Laplae transform of the Landau density. We have also developed a simple numerial
algorithm whih allows one to ontrol speed and preision of the results.
In what follows we summarize the main steps for obtaining the expliit analyti expres-
sions for the Landau probability density (1) and the momenta (2). An appendix with details
of the alulation is annexed. In addition, a brief desription of the algorithm whih eval-
uates numerially these funtions is presented. Finally, a numerial test together with a
ritial analysis of the results is provided.
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II. NONPERTURBATIVE SOLUTIONS
A. Landau density
For omputational purposes, it is of interest to onsider the following auxiliary integral
Q (x, b) =
1
pi
∫
∞
0
y−y exp [−y (x+ b)] dy. (4)
Clearly, one its solution is known, it is neessary to perform the analyti ontinuation
φ (x) = Im [Q (x, b = −ipi)] (5)
to obtain the Landau density.
By using standard representations of the funtions in the integrand of Q(c, b), one an
write
Q (x, b) =
1
pi
∞∑
k=0
(−)k
k!
∂k
∂ak
[
Γ (k + a+ 1)
(x+ b)k+a+1
]
a=0
where Γ is the gamma funtion[11℄. Using now the identity
∂k
∂ak
[F (a)G (a)] =
k∑
r=0

 k
r

 ∂k−r
∂ak−r
[F (a)]
∂r
∂ar
[G (a)]
and dening the oeients
Akr ≡
[
∂k−r
∂ak−r
Γ (k + a+ 1)
]
a=0
(6)
one obtains
Q (x, b) =
1
pi
∞∑
k=0
(−)k
k!
k∑
r=0

 k
r

[ Akr
(x+ b)k+1
]
(−)r [ln (x+ b)]r .
Finally, performing the analyti ontinuation (5), one obtains the exat analyti expression
for the Landau density
φ (x) =
1
pi
∞∑
k=0
(−)k
k!
k∑
r=0

 k
r

 (−)r AkrIm
[
[ln (x− ipi)]r
(x− ipi)k+1
]
. (7)
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Notie that this expression an be analytially ontinued to x ≤ 0 values. However, we
obtain below a formal solution also for this ase, sine the numerial evaluation of eq.(7) for
negative values of x makes the series divergent.
B. Landau distribution and momenta
In order to ompute the funtions dened in Eq.(2) we use the Laplae transform of the
Landau density, namely ∫ +∞
−∞
exp (−pc)φ (c) dc = pp ; p ≥ 0.
The derivative of this relation with respet to p, gives rise to a new and onvenient
expression for omputing the Landau distribution and the two rst momenta of the density
as follows
Φ (n, x)
[
(n− 1) (n− 2)
2
+
n (3− n)
2
Φ (0, x)
]
=
lim
p→ 0+
[
(−)n
[
n (n− 1) (n− 3/2)
p
+ (1 + ln (p))n
]
pp
−
∫ +∞
x
cn e−pc φ (c) dc
]
.
(8)
Replaing now the Landau density (7), into this last expression, we see that the alulation
is redued to the omputation of
G (p, x, n) ≡ 1
pi
∞∑
k=0
(−)k
k!
k∑
r=0

 k
r

 (−)r Akr
lim
p→ 0+
Im
[∫ +∞
x
cn e−pc
[ln (c− ipi)]r
(c− ipi)k+1 dc
] (9)
that means the integrals
Bnkr (p, x) =
lim
p→ 0+
Im
[∫ +∞
x
cn e−pc
[ln (c− ipi)]r
(c− ipi)k+1 dc
]
. (10)
One these integrals are evaluated, an analysis of their eventual divergenes and the
neessary anellations are in order.
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1. Landau distribution
Let us solve rst the ase n = 0, the Landau distribution funtion. Notie that in this
ase all the integrals in expression (10) are well dened and onsequently the interhange
between the limit operation and the integral is liit. In this way we obtain
B000 (0, x) = Im
[∫ +∞
x
1
(c− ipi)dc
]
= pi [1/2− arctan (x/pi) /pi] (11)
and
B0kr (0, x) =
lim
b→∞+
Im
[∫ ln(b−ipi)
ln(x−ipi)
ur exp (−ku) du
]
. (12)
A further hange of variables to v = uk, redues the integral to an inomplete Gamma
funtion[11℄. Finally, after taking the limit, one obtains
B0kr (0, x) =
1
kr+1
Im [Γ (r + 1, k ln (x− ipi))] .
Going bak to equation (9) one gets
G (0, x, 0) =
1
2
− 1
pi
arctan
(x
pi
)
+
1
pi
∞∑
k=1
(−)k
k!
k∑
r=0

 k
r

 (−)r AkrB0kr (0, x)
so that the Landau distribution results
Φ (0, x) =
1
2
+
1
pi
arctan
(x
pi
)
−1
pi
∞∑
k=1
(−)k
k!
k∑
r=0

 k
r

 (−)r Akr
kr+1
Im [Γ (r + 1, k ln (x− ipi))] .
(13)
2. Momenta
Going now to the analysis of the momenta, we found that in the general expression
there appear divergenes that nally anel out, but that have to be treated with are. We
postpone to an Appendix some details of the lengthy alulation involved and present here
the nal results, both for the rst and the seond momenta. They read
Φ (1, x)Φ (0, x) = −1 + γ + 1
2
ln
(
x2 + pi2
)
6
+
1
pi
1∑
r=0
(−)r A1r [piRe [Γ (r + 1, ln (x− ipi))] +
1
r + 1
[
1− r + r ln (x2 + pi2)] [pi/2− arctan (x/pi)]]− 1
pi
Im
1∑
m=0
(ipi)1−m
∞∑
k=2
(−)k
k!
k∑
r=0

 k
r

 (−)r Akr
(k −m)r+1 [Γ (r + 1, (k −m) ln (x− ipi))] (14)
and
Φ (2, x)Φ (0, x) = 1 + x+
pi
2
[pi − 2 arctan (x/pi)]
+ (1− γ)
[
x2
(x2 + pi2)
− 1− 2
[
γ +
1
2
ln
(
x2 + pi2
)]]
−1
pi
[
x2
[
x
[
arctan (x/pi)− pi
2
]
+ pi
2
ln (x2 + pi2) + pi
]
x2 + pi2
− 2pi + γpi + γ2pi + pi
3
6
]
−1
pi
[
−pi
4
[
ln
(
x2 + pi2
)]2 − 2x [arctan (x/pi)− pi
2
]
+ pi
[
arctan (x/pi)− pi
2
]2]
− 1
2pi
2∑
r=0

 2
r

 (−)r A2rIm
[
− [ln (x− ipi)]
r+1
r + 1
+
1∑
m=0

 2
m

 (ipi)2−m
(2−m)r+1 [Γ (r + 1, (2−m) ln (x− ipi))]


−1
pi
Im
2∑
m=0

 2
m

 (ipi)2−m ∞∑
k=3
(−)k
k!
k∑
r=0

 k
r

 (−)r Akr
(k −m)r+1 [Γ (r + 1, (k −m) ln (x− ipi))] (15)
being γ the Euler's onstant[11℄. Notie that the limit x → ∞ indiates that these distri-
butions, even if normalized to 1, do not have well dened momenta.
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III. PERTURBATIVE SOLUTIONS
A. Landau density
For the sole purpose of presenting solutions in an as simple as possible way, we dene
two auxiliary funtions Mj (x) and Tijl (x). First
Mj (x) ≡ 1
pi
∞∑
n=0
(−x)n
n!
∞∑
k=1
(−)k exp (−xk)
∞∑
p=0
Djnkp
(2p+ 1)!4p
, (16)
where the oeients Djnkp are given by
Djnkp =
∂2p
∂u2p
(u+ k)(−j−1−u−k) un sin (piu)
∣∣∣∣
u=1/2
. (17)
Note that the expression (16) is the pertubative solution of the integral
Mj (x) =
1
pi
∫
∞
1
y−y−j−1 sin (piy) exp (−xy) dy.
This solution is simply obtained by dividing the integration range in onseutive unit
segments and expanding afterwards the exponential and trigonometri funtions in the in-
tegrand.
The other auxiliary funtion is given by
Tijl (x) ≡ (−1)
j
pi
∞∑
n=0
(−x)n
n!
tijln (18)
being the oeients tijln given by the following expression
tijln =
∞∑
m=0
(−1)m pi2m+l
(2m+ l)!
[
1− l (l − 1) /2
2m+ 3
]
∞∑
k=0
(k + j)!
k! (k + n + i+ 2m+ l + 1)k+j+1
.
The expression (18) is the perturbative solution of the integrals
1
pi
∫ 1
0
y−y+i cos (piy) exp (−xy) lnj (y)dy, 1
pi
∫ 1
0
y−y+i sin (piy) exp (−xy) lnj (y) dy
and
1
pi
∫ 1
0
y−y+i
[
− cos (piy) + sin (piy)
piy
]
exp (−xy) lnj (y) dy
8
for l = 0, 1 and 2 respetively, whih is obtained by expanding the exponential
exp (−y ln (y)) , and the other funtions appearing in the integrand, in powers of their argu-
ments.
As a onsequene, the Landau density is obtained by dividing the range of integration in
expression (1) into [0, 1]× [1,∞]. Thus, we get
φ (x) = T001 (x) +M−1 (x) . (19)
B. Landau distribution and momenta
The omputation of these funtions follows the steps done for the ase of the nonpertur-
bative regime. In this ase, the integrals appearing in Eq.(8) are now omputed from the
following relationship
∫ +∞
x
cn e−pc φ (c) dc =
1
pi
n∑
j=0

 n
j

 j!xn−j ∫ ∞
0
y−y
(p+ y)j+1
sin (piy) exp (−xy) dy. (20)
In the limit p going to zero, Eq.(8) evaluated at n = 0 beomes
Φ (0, x) = 1− 1
pi
∫
∞
0
y−y
(p+ y)
sin (piy) exp (−xy) dy. (21)
Let us observe that this integral is well dened allowing us to evaluate it at p = 0. In
this way, we obtain the following expression for the Landau Distribution
Φ (0, x) = 1− 1
pi
∫
∞
0
y−y−1 sin (piy) exp (−xy) dy. (22)
Analogously, we get for n = 1 and n = 2
Φ (1, x)Φ (0, x) = −1− ln (p)− x
pi
∫
∞
0
y−y−1 sin (piy) exp (−xy) dy (23)
−1
pi
∫
∞
0
y−y
(p+ y)2
sin (piy) exp (−xy) dy
and
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Φ (2, x)Φ (0, x) = 1 + 3 ln (p) +
1
p
+ ln2 (p)
−1
pi
∫
∞
0
y−y
(p+ y)3
sin (piy) Γ (3, x (y + p)) dy (24)
orresponding to the rst and seond momentum respetively.
We an onveniently rewrite these last two equations as
Φ (1, x)Φ (0, x) = −1− ln (p)− x [1− Φ (0, x)]− 1
pi
∫
∞
0
y−y
(p+ y)2
sin (piy) exp (−xy) dy (25)
and
Φ (2, x)Φ (0, x) = 1 + (3 + 2x) ln (p) +
1
p
+ ln2 (p) + 2x+ x2 [1− Φ (0, x)]
+2xΦ (1, x)Φ (0, x)− 2
pi
∫
∞
0
y−y
(p+ y)3
sin (piy) exp (−x (y + p)) dy. (26)
By simpliity we also divide the range of integration of the integrals present in (22),(25)
and (26) as [0, 1]× [1,∞] suh that we an easily evaluate them in terms of the two auxiliary
funtions previously dened. In partiular, all the integrals dened in [1,∞] are well dened
and onsequently they an be evaluated at p = 0 before being omputed. The divergent
behaviour in the parameter p of the integrals dened in [0, 1] is extrated by integrating
them by parts. Then, the remaining nite parts are also expressed in terms of the auxiliary
funtions.
In the ase n = 0 the integral dened in [0, 1] is well dened and we do not need to
integrate it by parts. Consequently, Eq. (22) provides diretly the nal expression for the
Landau Distribution
Φ (0, x) = 1−M0 (x)− T−101 (x) (27)
whih for the rst and seond momenta one has
Φ (1, x) = −x [1− Φ (0, x)] +M1 (x)
Φ (0, x)
−T−121 (x) + (1 + x)T−111 (x) + piT−112 (x)
Φ (0, x)
(28)
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and
Φ (2, x) =
1 + 3x+ x2 [1− Φ (0, x)] + 2xΦ (1, x) Φ (0, x)
Φ (0, x)
−exp (−x) [1− pi
2/3]− 2M2 (x)− I (x)
Φ (0, x)
(29)
respetively, where I (x) is given by the expression
I (x) = −pi2
[
T021 (x) + 2 (1 + x)T011 (x)− pi
2
3
T001 (x)
]
−piT−112 (x) + (1 + x)T−111 (x)− piT−101 (x)
−pi
{
T030 (x) + 3 (1 + x)T020 (x)− pi
2
3
(1 + x)T000 (x)
+
[
2 (1 + x)2 − pi
2
3
]
T010 (x)
}
. (30)
IV. ALGORITHM
The nonperturbative expressions (7), (13), (14) and (15) are used for x > 3 , and the or-
responding perturbative expressions (19), (27), (28) and (29) for |x| ≤ 3. These expressions
are the kernel of our algorithm.
In order to ompute the nonperturbative expressions we have provided the algorithm
with the following numerial oeients
Bkr =
(−)k+rAkr
r! (k − r)! (31)
where Akr is given by (6). These oeients were omputed for k > r by the following
relationship
Akr =
k−r−1∑
p=0

 k − r − 1
p

 ∂p
∂ap
Γ (k + a+ 1)Ψ (k − r − 1− p, k + a+ 1)
∣∣∣∣
a=0
(32)
Ψ (n, z) being the polygamma funtion[11℄ and Akk = Γ (k + 1).
We omputed these oeients through the following numerial reursive algorithm
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for j = 0, (k − r)→ A (k, j) =
j−1∑
p=0

 j − 1
p

A (k, p)Ψ (j − 1− p, k + 1)
where A (k, 0) ≡ Γ (k + 1). Consequently Akr = A (k, k − r). Replaing these oeients
into Eq.(31) we get the numbers Bkr. This algorithm was worked with MAPLE software.
Taking into aount that our results provide exellent approximations, onsidering only
a few terms of the orresponding series, we have just alulated the rst 5050 oeients
orresponding to values of k = 0 · ·99 and r = 0 · ·k
The omputation for the funtions Φ (0, x), Φ (1, x) and Φ (2, x) involves, in addition, the
evaluation of the Inomplete Gamma funtion with omplex argument and integer order
Γ (n, z). It is aomplished by using the following expression[11℄
Γ (n, z) = (n− 1)! exp (−z)
n−1∑
p=0
zp
p!
n ≥ 1.
On the other hand, the perturbative expressions are omputed by providing the algorithm
the following numerial oeients
D2jnkp ≡ Djnkp
(2p+ 1)!4p
(33)
where Djnkp is given by the Eq.(17). These oeients were numerially omputed for
0 ≤ j ≤ 3, 0 ≤ n ≤ 26, 1 ≤ k ≤ 20 and 0 ≤ p ≤ 14 using MAPLE software.
In addition we have dened auxiliary funtions to ompute the expressions (16), (18) and
(30).
The data les ontaining the aforementioned numerial oeients (31) and (33) an be
found in the following link: www.sia.unlp.edu.ar/download/landau.
V. NUMERICAL RESULTS
The test of our algorithm is based on the numerial integration of the expressions (1)
and (2) using MAPLE software. We found that the algorithm allows to obtain results
with a preision up to thirteen to fourteen signiant digits for the Landau density and
distribution and nine to ten for the rst and seond momenta. If neessary, higher auray
an be obtained by adding more oeients Bkr and D2jnkp into the algorithm.
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The set of points hosen to evaluate the aforementioned funtions inludes those values
presented in Ref. 5 where the preision ahieved ertainly depends on the onvergene of
the expressions obtained. The orresponding numerial solutions for these funtions are
tabulated in the Tables 1,2,3 and 4. We also inluded in these Tables an estimation on the
order of the series assoiated with our solutions by whih a lower preision in the numerial
results is obtained. Speially, we have omputed |∆f (x)| = |fs+1 (x)− fs (x)| ≤ 10−d,
where f (x) represents any of the following four funtions; φ (x), Φ (0, x), Φ (1, x) and Φ (2, x),
and s represents the number of terms needed by the sum over the dummy variable k (Eqs.
(7), (13), (14) and (15)) or n (Eqs.(16) and (18)) to obtain a preision of d signiant
digits in the nonperturbative or perturbative regimes respetively.
Indeed, this information provides insight on how the onvergene of our solutions depend
on the point where the funtion is evaluated and on the required preision. In partiular,
we note that faster evaluations orrespond to points loalized loser to the origin or to the
positive tails.
For getting some omputing time estimation, we developed a partially optimized program
written in Fortran 77 whih is based on the above desribed algorithm. We found that the
typial running time to ompute, with a given auray, the four funtions over the omplete
set of points is, in general, of the order of the fration of a seond in a ommon PC proessor.
For instanes, the total number of CPU seonds that the proess spent in user mode is around
0.205, 0.197 and 0.185 for d equal to 12, 9 and 6 respetively.
VI. SUMMARY AND DISCUSSION
The Landau distribution as well as its rst and seond momenta are used to desribe the
energy loss of harged partiles by ionization, partiularly within the area of the high en-
ergy physis. At present, just rational approximations and asymptoti expressions for these
funtions were available. Numerial algorithms using these approximate solutions provide
a fairly fast omputation. In this paper we presented a diret alulation of the integral
representation of these funtions obtaining perturbative and nonperturvative solutions ex-
pressed in terms of fast onvergent series. These solutions were obtained by using analytial
ontinuation properties and the expression of the Laplae transform of the Landau density.
They have been shown to be very exible, allowing to ombine auray and speed to adapt
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our approah to the omputation of these funtions to many elds of appliation. We re-
mark that with only few terms of our series and a fast evaluation of them in all the range
of its variables, we obtain exellent approximations. In fat, we found that our algorithm
provides in reasonable omputing times orret results up to 13-14 signiant digits on the
density and distribution funtions and 9-10 on the rst and seond momenta. This is learly
a substantial numerial advantage over the existing programs mentioned above. If neessary,
one an improve that preision by inluding further oeients into the algorithm.
Future work involves the obtention of approximate analytial expressions for the single
ollision ross setion and the eletro dynami properties of the detetor medium[12℄. These
quantities, whih an be omputed in terms of the Landau distribution, ould preserve the
main features of our solutions. In partiular they ould be similarly expressed in terms of
fast onvergent series. This will surely improve not only its numerial evaluation but it will
also allows to produe suitable ts of the trunated Landau distribution to measured or
simulated energy-loss data. In fat, one should obtain an approximate analytial expression
for the dieletri funtion (or equivalently the osillator strength funtion) whih is well-
dened over the omplete range of energy. This should remove the presene of non-physial
high energy behaviour introdued in Ref. 12 by using a dierent approximation for the
Landau distribution.
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Appendix A: TECHNICAL DETAILS
We start by analyzing the expression (10) Bnkr (p, x) where we annot, a priori, interhange
the operations of limit p → 0+ and the integration. In those ases we are interested in the
obtention of their nite analyti ontribution. Their divergent terms anel with terms like
pp [n (n− 1) (n− 3/2) /p+ (1 + ln (p))n] oming from Eq. (8). Then we solve the other
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integrals where the interhange of operations simplies the alulation.
In the ase n = 1 the divergent integral is just the rst one whih is given for k = 0 and
r = 0, namely
B100 (p, x) =
lim
p→ 0+
Im
[∫ +∞
x
c exp (−pc) 1
(c− ipi)dc
]
.
Integrating by parts and expanding for small p we obtain
B100 (p, x) ≃ pi
[
γ +
1
2
ln
(
x2 + pi2
)
+ ln (p)
]
+O (p) . (A1)
The other integrals orresponding to (k ≥ 1) an be rewritten, after a hange of variables,
as
B1kr (0, x) = Im
1∑
m=0

 1
m

 (ipi)1−m lim
b→∞+
[∫ ln(b−ipi)
ln(x−ipi)
ur exp [−u (k −m)] du
]
.
Taking into aount that these integrals an be expressed in term of the inomplete Gamma
funtion, we obtain:
• for k > 1
B1kr (0, x) = Im
1∑
m=0

 1
m

 (ipi)1−m 1
(k −m)r+1 [Γ (r + 1, (k −m) ln (x− ipi))] (A2)
• for k = 1
B11r (0, x) = piRe [Γ (r + 1, ln (x− ipi))]
+
1
r + 1
[
1− r + r ln (x2 + pi2)] [pi/2− arctan (x/pi)] (A3)
Replaing Eqs.(A1), (A2) and (A3) into Eq.(9) we hek that the logarithmi divergent
terms nally anel and the remaining part of the integral provides the solution given by
expression (14).
In the ase n = 2 the divergent integrals are for k = 0 and k = 1 and they read
B200 (p, x) =
lim
p→ 0+
Im
[∫ +∞
x
c2 exp (−pc) 1
(c− ipi)dc
]
and
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B21r (p, x) =
lim
p→ 0+
Im
[∫ +∞
x
c2 exp (−pc) [ln (c− ipi)]
r
(c− ipi)2 dc
]
respetively. Integrating by parts and expanding for small values of p we obtain
• for k = 0 and r = 0
B200 (p, x) ≃ pi
[
1
p
− x− pi
2
[pi − 2 arctan (x/pi)]
]
+O (p) (A4)
• for k = 1 and r = 0
B210 (p, x) = pi
[
x2
(x2 + pi2)
− 1− 2
[
γ + ln (p) +
1
2
ln
(
x2 + pi2
)]]
+O (p) (A5)
• for k = 1 and r = 1
B211 (p, x) =
x2
[
x
[
arctan (x/pi)− pi
2
]
+ pi
2
ln (x2 + pi2) + pi
]
x2 + pi2
− 2pi + γpi + γ2pi + pi
3
6
−pi
4
[
ln
(
x2 + pi2
)]2 − 2x [arctan (x/pi)− pi
2
]
+ pi
[
arctan (x/pi)− pi
2
]2
+pi (1 + 2γ) ln (p) + pi [ln (p)]2 +O (p) (A6)
The others integrals (k ≥ 2) an be solved in the same way. The integrals an be written as
B2kr (0, x) = Im
2∑
m=0

 2
m

 (ipi)2−m lim
b→∞+
[∫ ln(b−ipi)
ln(x−ipi)
ur exp [−u (k −m)] du
]
that allows one to obtain
• for k > 2
B2kr (0, x) = Im
2∑
m=0

 2
m

 (ipi)2−m 1
(k −m)r+1 [Γ (r + 1, (k −m) ln (x− ipi))] (A7)
• for k = 2
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B22r (0, x) = Im
[
− 1
r + 1
[
[ln (x− ipi)]r+1]
+
1∑
m=0

 2
m

 (ipi)2−m 1
(2−m)r+1 [Γ (r + 1, (2−m) ln (x− ipi))]

 (A8)
Replaing now Eqs.(A4), (A5), (A6), (A7) and (A8) into Eq.(9) we expliitly hek that
the divergent terms 1/p, 3 ln (p), and ln (p)2 nally anel and the rest of the integral provides
the solution given by the expression for the seond moment.
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Table 1
Numerial results for the Landau density. The integers given in olumns 3-5 represent the
number ofterms needed to ahieve an auray of 12, 9 and 6 signiant digits respetively.
x φ (x) |∆φ| ≤ 10−12 |∆φ| ≤ 10−9 |∆φ| ≤ 10−6
−3 3.658377588806938E − 002 20 16 12
−2.5 9.637807619860883E − 003 18 15 11
−2 4.398547840053790E − 002 17 14 10
−1.5 0.100550751729020 15 12 9
0.4 0.168703915408766 10 8 6
0.5 0.165232275482657 11 8 6
1.5 0.124221094071471 16 13 9
3 7.424765459960213E − 002 21 18 14
4 5.326865722328474E − 002 29 17 8
5 3.916341958128983E − 002 21 13 7
8 1.809028394181073E − 002 10 9 7
10 1.197648738878854E − 002 11 9 6
15 5.401336928010399E − 003 10 8 6
20 3.004979395692253E − 003 10 8 6
30 1.298671406775338E − 003 9 7 5
60 3.082734332814474E − 004 8 6 4
100 1.076112240078372E − 004 7 6 4
500 4.085712883475095E − 006 5 4 2
1000 1.012057179716136E − 006 5 3 2
10000 1.001659320662497E − 008 3 2 0
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Table 2
Numerial results for the Landau distribution.
x Φ (0, x) |∆Φ| ≤ 10−12 |∆Φ| ≤ 10−9 |∆Φ| ≤ 10−6
−3 −1.607879630341813E − 003 20 17 13
−2.5 1.961867909885173E − 003 19 16 12
−2 1.409435793315372E − 002 17 14 11
−1.5 4.982427497490971E − 002 15 13 9
0.4 0.356581474467521 10 8 6
0.5 0.373280562479680 11 9 6
1.5 0.518343029194760 16 13 10
3 0.664205997524218 21 18 14
4 0.727271852143877 26 15 8
5 0.773026779942834 18 12 7
8 0.853459958739293 12 9 7
10 0.882938865913564 11 9 7
15 0.923293944585224 11 9 6
20 0.943462646851257 10 8 6
30 0.963250172910313 10 8 6
60 0.982280577955328 9 7 5
100 0.989571029163290 8 6 5
500 0.997976630597665 6 5 3
1000 0.998993481974151 6 4 3
10000 0.999899912058608 4 3 1
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Table 3
Numerial results for the rst momenta of the density.
x Φ (1, x) |∆Φ(1, x)| ≤ 10−9 |∆Φ(1, x)| ≤ 10−6
−3 −2.94418823883569 21 18
−2.5 −2.67471836189293 19 16
−2 −2.25828545384356 17 13
−1.5 −1.86990165100088 14 11
0.4 −0.679860050176673 9 6
0.5 −0.629322356963745 9 7
1.5 −0.180019038237684 13 10
3 0.339504262821524 18 14
4 0.611170716736155 15 7
5 0.839831585464024 12 7
8 1.35514739591618 9 7
10 1.60809603494204 9 7
15 2.06972587987781 9 7
20 2.39437506213547 8 6
30 2.84447000017431 8 6
60 3.59268530830209 7 5
100 4.12998818980124 7 5
500 5.77818474253184 5 4
1000 6.47746787601202 5 3
10000 8.78657692470135 4 3
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Table 4
Numerial results for the seond momenta of the density.
x Φ (2, x) |∆Φ(2, x)| ≤ 10−9 |∆Φ(2, x)| ≤ 10−6
−3 8.66852146374132 24 21
−2.5 7.17765680763846 22 19
−2 5.14686389834850 18 15
−1.5 3.58354569903627 16 13
0.4 0.941718427356982 9 7
0.5 0.908679035129438 10 7
1.5 0.944186293458727 15 12
3 1.82656174148077 21 17
4 2.72090902630219 18 9
5 3.74974971267330 13 8
8 7.21517917106136 10 8
10 9.64861303605968 10 8
15 15.7892588337345 10 7
20 21.8615020920748 9 7
30 33.7144809006428 9 7
60 67.7261171683676 8 7
100 111.315504919124 8 6
500 525.970930432499 7 5
1000 1033.83849293122 6 5
10000 10066.7727522736 5 4
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